T6 Todn — Truwong THPT Phan Bji Chiu

§ PHAN 1: GIOT HAN CUA HAM SO
l. Ly thuyét: Ngoai céc kién thirc co ban vé gidi han ciia ham sb c6 trong SGK Giai tich
I6p 11 va l6p 12, can luu y thém mat vai noi dung sau:

1) Khi gap cac dang vo dinh ta thuong “khi” chiing bang cac cach sau:

Phan tich nhan tir - dat thira chung

- Nhan, chia lugng lién hop

- Bién déi téng, tich

- Thém bét, tich mot ham thanh téng nhiéu ham

- Pbat ?mphu
sin x e -1
2) Can Iuu ¥ va van dung linh hoat cac cong thirc sau: Ilm— =1, 1l im =1,
X -0 X
|ingM=1, lim (1+ ) _e,  lima*=+o(a>1), lima =0@>1),
X X X—>+00 X—>-+00 X—>—00
lim a* =+0(0<a<1), Ilma =0(0<a<l), lim Ig, x =+oo(a >1),

limlg, x=-w(0<a<l) I|m lg, x——oo(a>1) Iim lg, x=+w(0<a<l)
0+

xq +00

1. Mgt s6 vi du minh hoa:
X+ X +..+X"—n

Vi du 1: (Phan tich nhén tu, dat thira chung) Tinh Iin’ll

x* -1
2 n_ _ 2 n_
Giai: lim XX +2...+x n_ Iim(x D+(x"-D+..+(x"-1 _
x-1 X“ -1 x-1 (x=-D(x+D
Iim1+(x+1)+...+(x”‘l+...+1) _1+2+4..4n _n(n+l)
x->1 x+1 2 4
Vi du 2: (Thém bdét, nhan chia lwgng lién hop) Tinh || x-1
l\/x +3+x*-3x
Giai: lim x-1 = lim x-1 =
o1 %2 +3 4+ x% - 3x O (X2 +3-2) + (X —3x+2)
lim ! = lim ! =2
x—-1 /X +3 2 X —3X+2 x—1 Xx+1 +X2+X—2
x—1 x—1 VX2 +3+2
19’ —
Vi du 3: (Dit an phy) Tinh IIrrg x+1-1
X—> X
.‘9 J— J—
Giai: bat t = Y9x+1. Khi d6 x—->0=t—1va Iin’JM: Itiniltt9 11:
X—> X -

9

lim—° =1
=18t L+
sin(a+2x)—2sin(a+x)+sina
XZ
sin(a+2x)+sina—2sin(a+x) _
> =

Vi du 4: (Bién d6i lwong giac) Tinh Iir‘rg

... .. sin(a+2x)-2sin(a+ x)+sina .
Giai: lim ( ) > ( ) = lim
x—0 X x—0 X
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. 5 X
_ Iim25|n(a+x)cosx—25|n(a+x):"m—23|n(a+x)[1-cosx] = _limsin(a+x).lim 2 _

x—0 X2 x—0 X2 x—0 x—0 2

sina

5X
Vi du 5: Tinh lim & MG+ -1

x—0 X
5x_ _ 5><_
Giai: lim & MK L _ i (g€ 1 gINGXHD) | 55
x—0 X x—0 5x 3x
Vidu 6: Tinh I|m3 SOSX
x—0 X
Giai: | 3 _SOSX _ l (3 2—1 1 cgsxj
x—0 X x—0 X X
x*In3 _ 22
tim & gy X g3t
x>0 x“In3 X“(1+cosx) 2
Vidu 7: Tinh Ilm(x+3j
x—>+o| X +1
2x
X+l fxi
2
Giai: fim [ 23] = jim[1+-2- | = tim || 14— = g2
x40\ X +1 X—>+00 X+1 X—>+00 X+1
2
Vi du 8: Tinh ""3 1—cosxcozs3xcos4x
X—> X
... . 1—C0oSxcos3xcos4x _ . €0S3xC0S4x(1—cosx) + cos4x(l—cos3x) +1—cosdx _
Giai: lim = lim =
x—0 )(2 x—0 X2
. o X . 53X
e cos3xcos4x.2sin 5 cos4x.2sin o . 2sin®2x _ 1 9
= lim 5 +1lim 5 +1im 5 = —+—+8=13
x—0 X x—0 X x—0 X 2 2

Vidu9: Tinh lim 1-v2x+1+sinx
=0 \3x+4-2-X

Giai: Vi x =0, ta c6 1-+/2x+1+sinx _ 1—\/2x+1+smx:\/3x+4—2—x _
V3x+4-2—x
_ (1—\/2x+1+sin xj_[\/3x+4—2_1j _ { -2 sin xj{ 3 _1j

J’_
X X X 1+V2x+1  x N\ Bx+4+2

. 1 V2Xx+1+sinx
Vay =0
" V3x+4-2-x

I11. Bai tap: Tinh

2\/1+ \3/ 8-
0

X~>

(DS E-—-—DHQG Khbi A-1997)
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2414 X? —cosx

2. lim == 2228 (DS 1 ----DHTM -1999)
X—> X
X 3-x
m2 2 =6 g8 HHTN 2000)
x»z /2 X 21—
4. Iirq_— “3:_2 (S g————DHQG—1998)
X—>! X_
m mYZHL-IXTHL oy BHOGHN Khéi D-2001)
XH sin X
6.1im 4T N5-X" g E————DHSPHN Khéi B,D-2001)
7.lim tan 2x.tan (Z— xj DS %————DHSPHN Khdi A-2001)
x>
8. Iirr} X7 (bS —2—54————DH Tai chinh ké toan HN -2001)
3
m m¥1t 2X V1+3X ®S E————DH Thiiy loi Khéi A-2001)
10, lim 1= Y/.COSX (DS 0----PHHH-1997)
x>01— cos\/_
11, lim JL+ tanx _3*/“3 X s %————DHHH—ZOOO)
X—> X
12, 1im¥X*F3=2X pe T
-1 tan(x —1) 4
13. Iim(z—x)tanx BS1)
xx 2
2 —
15.1im X =*3  (bs 2 -DHDL Hai phong A-2000 )

-1 tan(x —1)
98 1-c0s3X.c0S5X.coS7X
16.1lim —
X1 83 sin“7x
X+2
Xx+1

j (DS 1----DHAN A-2000 )

X—00

2x+1
17.i m( j (DS e*---HVKTMM-1999)

_ |1—|1+sin3x|| 6 ..
18.1im (BS = -~+-PHQGHN-KNSi A-1997)

x>0 /1—cosx
19. lim (y x++/x+ X —v/X) (BS %) 25, Tinh limNr &V =1 e
X—>+00 X

x—0

nb)

20. lim (VX2 +1-¥x* —1) (BS 0) 26. Tinh lim—L_ (b5 —{2)
X=+00 xaf 2C0SX- \/_
ax _ Abx _ox
21, lim&—% (BS a—b) 27. Tinh lim—>—2—  (PS n3)
x>0 X x=0 §1NX.C0S3X 2

124



T6 Todn — Truwong THPT Phan Bji Chiu

22. Tinh Iin’gﬂ (DS 4)
X— X

23 Tinh lim C054X-C0S3X.C0SHX (DS 9)

x—0 )(2

1

24. Tinh lim(L+sin2x)* (PS¢
x—0"
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s PHAN 2: NGUYEN HAM
NGUYEN HAM

1. Khii niém nguyvén ham
e Cho him s8 fxdc dinh trén K. Him s F dgl nguyén hiim cda f trén K néu:
F'ix)= fix),Vx e K
e Néu Fix) 1d mot nguyén him clha fix) trén K thi ho nguyén him cia fx) trén K la:
| flx)dx=F(x)+C,C eR.
e Moi hiim s ffx) lién e trén K déu ¢ nguyén hiim trén K.
2. Tinh chét
. I f'(xdx= f(x)+C . _I‘[f(x}i g(x)|dx =_I‘ fixpx i_li glx dx
. [kﬂx Mx=1k |‘f|{x Mx (k=0)
3. Nguvén him cda mdt sd’him s6 thudng gip

L] [l’ldx=C F x a.t
! o |atdx= +C (D=a=l1)
s |dx=x+C B o 2
; e . I cosxdry=sinx+C
P, X iy o
'_IJ. d.k—&+i+c- (x=-=1) -_]sm_m’x:—u}s.r+c
| [ I
= |—d_1:=Jn|.1:|+C ¢ | ——dx=tanx+C
|y Toost X
{ x - — ot - 1
o |edx=e"+C * | ——dx=-cotx+C
8in”x
r b, { _ax+ 1 axe
o | cosiax+ bxdx =—sin(ax + b)+C (a=0) o [e“Pdx==""" +C, (@2 0)
L a n a

iﬁinl{ﬂ.t+b]tit=-l cosfax+h)+C (a=0) | e l :
’ a

vt Bl 6
sax+b a

4. Phuong phadp tinh nguyén ham
a) Phudng phdp déi bi&n s
Néu [_fl{u Mu=F(u)+C vi u=ul(x) cd dao him lién tuc thi:
| Flutx)]a'(x)dx = Flutx)]+€
b} Phugng phap tinh nguyén hiam tirng phin
N&u u, v 14 hai him s& ¢d dao him lién tuc trén K thi:
| udv = uv = vdu

VAN Bfl 1: Tinh nguyén hiim biing cdch st dung bing nguvén ham

Bién dot biéu thitc ham sd& dé sit dung duge bdng cdc nguyén ham co bdn.
Chii §: Bé sit dung phutong phdp nédy cdn phdi:
— Ndm vifng bdng cdc nguyén hdam.
— Ndm vitng phép tinh vi phdn.
Vi du 1.1: Tim nguyén ham cta ham sb: f(x) = §x2 4772
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7
2 5 -2X -2X
Giai: J'(i/?Jr?‘“)dx:J'[xS+7‘2dexzx—5 7—+C =gi/x_7— ! +C

7 (2)n7 2In7
5

Vi du 1.2: Tim nguyén ham cua ham sb: f(x) = cos®x

Giai: J'cos3xdx=J. icos3x+§cosx dx=isin3x+§sinx+c
4 4 12 4

Vi du 1.3: Tim ham s6 f(x) biét: f(x) = ax + % vaf(-1)=2;f(1)=4; (1) =0.
X

2
Giai: Ta co: f(x)=J.(ax+£2jdx=aX——9+C
X 2 X
8ibrc=2
f(—l) =2 2 a=1
M 1F(1) =4 < {Z-b+C=d4 o ib=-1
(1) =0 |ayh=0 czg

2
Viy: f(x)=%+l+g
X

VAN DPE 2: Tinh nguyén ham _I‘f(x]dx bing phuong phdp ddi bi€n si

e Dang I: Néu fix) co dang: fix)= giul{x}].u (x) thi taddt t=ulx) = dt =u'(x)dx.
Khi dd: I filxMx = | glthdt, trong do | g(t)dt dé dimg tim duoc.
Chii ¥: Sau khi tinh [\el{:}a’a‘ theo t, ta phdi thay lai t = u(x).

e Dang 2: Thudng gdp  cdc trudng hop sau:

- - o A na
fix) ed chita Cach dot bien
, T T
.1:=|a|51m‘._ -—sts—
2 2 - -
a-=x < <
hodc .t=|a|cu5!. l=t<a
T T
x=lalant, -Z<r<Z
2 ) )
a“+x 2
hode x= |a|cmr._ <tem

Vidu 2.1: Tinh J.\/ X2 +1xdx

Giai: Patu = x*+1 =du = 2x dx = xdx :d?u

3 3
1 2 3 x*+1
J.\/x2+1xdx: qud—uzlu—JrC :\/LTJFC :u+c
2 23 3 3
2
Vidy 2.2: Tinh 1 = | ta'lx dx
COS” X
N dx
Giai: Patu =tanx = du= -
COS“X
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2 2
= judu=u—+C=tan X+C
2 2
dx
Vidu23:Tinh =
u J.X2+a2

Giai: bat x = atant = dx = a(tanzt +1) dt
J-a(tan t+1)dt _

a’(tan’t+1) a
Vidu2.4:Tinh 1= IZL
X“+2x+3
Taco I = | —n‘x bt

fr*])

X ] — Jz_lun t ﬂdr:ﬁfluﬂzf"‘]}ﬂlf :>I=>|'\‘I'_Hdﬂ f'rj}f-i‘llr

J.dtz—t+C =—arctan( J +C
a

2tan” t+1)

Vay I = ﬁ arctan (X—Hj +C
2 V2

T

VAN DPE 3: Tinh nguy&n ham biing phudng phdp tinh nguyén ham tiing phdn

Vdi Pix) ld da thitc ciia x, ta thudng gdp cdc dang sau:

_l‘ P(x).e*dx

[ P(x).cos xdx

[ Pix}.sin xdx

| P(x).1n xdx

u Pix)

Pix)

Pix)

Inx

dv e” dx

cosxdx

s1n xedx

Fix)

Vi du 3.1 : Tinh |_j'”x

u=Inx

o X
Giai : bat dx =

dv=— 1

XS V=—

I:_Inx 1J-dx_ Inx

_J’__
2x* 2
Vidu3.2:Tinh | =Ix2ezx*1dx
u=x

=
dv=e""dx |v= %

Giai : bat {
1
| = = x%e?¥ _ J‘ xeZ*Ldx
2
J= I xe?**dx
=X
Pat
v =

J _= Xe2x+1 %J'e2x+ldx —

2

x3 2x°

l Xe2x+1 _
2

+1 ! +
2 (-2)x?

) du = 2xdx

2x+1

e

du = dx

u
d — er+1dX = v _Eebu-l

Inx 1

— =
G NG

£e2x+l + C
4

_—LZ(ZIn x+1)+C

4x
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2x+1 l 2x+1

1
Viy | ==x%
iy =5

2
Vidu3.3: Tinh |:jx7_dxz
(1+x“)
u=x" du = 4x%dx
Giéi:Dét dV:X—st3 V:_;
(1+x“)2 4(1+x4)
= x’dx  —x* 1 d(1+x“)_ Ly 1 )
I_4(1+x“)+-‘.1+x“_4(1+x“)+z-'. 1+x* —4(1+X4)+Zln(1+x)+c

VAN BE 4: Tinh nguyén ham biing phudng phdp ditng nguyén him phu

A i i A " 5 ~t & - - a1 A =
Dé xdc dinh nguyén ham ciia ham sé fix), ta can tim mdt ham g x) sao cho nguyén hdam cua

cide ham sé fix) + g(x) dé xd'c dinh hom so vdi fix). Tie dé suy ra nguyén him cia fix).
Budc 1: Tim hdm gi x).
Butdic 2: Xdc dinh nguyén hdm ciia cdc hdam sd fix) + g x), nic ld:
[F(x)+G(x)=A(x)+C,
TF':.‘:}—G':J:}= B(x)+ C,

’ 5 . 1 ;i e "
Bugete 3: Tix hé (%), ta suy ra F(x)= ;[f‘l(.ﬂ-t-ﬁ(.\' }]-t-C ld nguyén ham cia fix).

Vi du 4.1 : Tinh |=Iﬂ
sin X+ Cosx
Giéi:Goiszl_Cos—XdX
SinX +cos x
Tacdé:1+J=x+C
I -J= —In|sinx +cosx|+C,
x—In|sinx +cos x|
Suyra | = +
. - e “dx
Vidy42:Tinh | = [——
e —e
s e*dx
GlalzDathj —
e —e
Tacdé:J-1=x+C;
J+I=Inje"-e™*|+C,
Inje* —e™|—x
Suyra: I = +C

129



T6 Todn — Truwong THPT Phan Bji Chiu

VAN DE 5: Tinh nguyén ham cia mt s6 hiim s& thudng gip
_ P(x)
Qix)

— Néu biic ciia P(x) 2 bdgc cia Q(x) thi ta thic hién phép chia da thitc.

1. fix)la ham hifuti: fix)

— Néu bédc ciia P(x) < bdc ciia Q(x) va Q(x) cé dang tich nhiéu nhén tt thi ta phén
tich fix) thiinh téng ciia nhiéu phdn thitc (béng phucng phdp hé sé bdt dinh).

Chdng han: ! = 2 + >
(x=a)x=bh) x—a x-b
- w B g D g gt
(x=mWax™ +bx+c) *—M agx"+hx+c
I A B c D
== -+ -+ -+

(.1:—&}3(.1:-??}3 r=a I:.\'-a}] x—b I:.t-b}]

2. fix)la ham véti
i i i -

) s R: Lm'a.x + b : — dit pesa ax+h

\ cx+d ) cx+d

{ N
Réi — ddt t=+x+a+yJx+b
|\,|I'(_r+a}(.r+ E:-},J

e fix) ld hdm lugng gidc

+ fix) =

Ta sit dung cdc phép bién dot higng gidc thich hop dé dua vé cdc nguyén hdam co
ban. Chdng han:

. 3 2 R |/ = s 3

. 1 1 s I ‘hlll'![l:.1+ﬂ]' ; (x +b}], | sibiming i=M !
sinfx+a).sinix+hH)  sinfa—=Fh) sin{x+a).sinfx+b) sinfa—h) )

. | ! sin[(x+a)=(x+5)] , [ il !=s?n(a—b}":
cos(x +a).cos(x+h) sin(a=b) cos(x+a).cos(x+bh) | sin(a—b) )

e P il ( soges gty

o 1 _ 1 ‘Lf}h[(l +a) I:.K+|FJ}]J stk sl izu}s(a b) :
sinfx+ajcosix+h)  cos(a=h) sinix+a)cosix+hH) cos(a=b)

+ Néu Ri—sinx,cosx)=—R(sinx,cosx) thi ddgt t = cosx
+ Néu R(sinx,—cosx)=—R(sinx,cosx) thi ddt t = sinx

+ Néu R(—sinx,—cosx)=—R(sinx,cosx) thi ddt t = tanx (hodc t = cotx)

Vi du 5.1 : Tinh |=IX(3X+1)

iai: | = dx = l_i = — = L

Glal'l_-‘.x(xﬂ) J.(x X+1jdx In|x|-In|x+1+C =1In x+1+C
dx

Vidu5.2: Tinh |=j

1+\/x—+1
Giai: Dit t =+/X+1=t* = x+1= 2tdt = dx
2
1+t
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bat u=l+t=du=dt
I_2J.—du_ In|u|)+C

= 2(1+t—|n|1+t|)+C = 2(1+\/x+1—ln‘1+\/x+1‘)+
(1-sinx)dx
COS X

Vidu5.3:Tinh | =j
Giai :

| = —1 dx— | ——dx=M —N
COS X COS X
J-cosxdx 1

1-sin?x

J-smx

1+sinx
1—sinx

N =—In|cos x|+C2
1+S|nx
1 sinx

+In|cos x| +C

8 PHAN 3:
CAC PHUONG PHAP TiNH TiCH PHAN

PHUONG PHAP POI BIEN SO

Co s& cua phuong phap d6i bién sb 1a dinh 1y sau day:

Dinh 1y: Cho ham sé f(x) lién tuc trén doan [a;b] va ham sé x = u(t) c6 dao ham u'(t) lién
tuc trén doan [« ; B]. Ham s6 hop fu(t)] xac dinh trén doan [« ; 8] VA u(a) =&, u(B) =

b thi: j'f(x)dx = Tf[u(t)]u'(t)dt

1. Di bién s6 dang 1:
b
Cho ham s f(x) lién tuc trén doan [a;b], dé tinh j f(x)dx ta thuc hién cac budc sau:

* Budce 1: Dat x = u(t) va tinh dx = u (t)dt
*Budc2: Ddicanx=a= t=a,X=b=t=f

* Bude 3: T f (x)dx =f f[u@)]u )t

Vi du 1: Tinh tich phéan: (@a>0)

Izi- dx
o\/az—X2

batx =asint, t € [ -5;5] = dx = acostdt

Pdican:x=0 = t=0; Xzizt:Z
2 6
% % 5
Do d6 1= j—acoswt = fdt=t] ==
o vai-a’sin’t % , 6
Vidu 2: Tinh J = jazdxxz @>0)

0

Pit x = atant, t e(—%;%) = dx = a(L+tan’t)dt
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Pdicanx=0 = t=0; x:ajt:%
7 a(l+tan?t i
Do d6J= %:%{dtz_tr:ﬂ
ya +a‘tan“t ay a'’ Ja
Vidu 3: Tinh I—I 1- \f dx Datﬁzcost;|:2_£
+f 2

M@t sé bai tap (101 bién s6 dang 1

2 ¢ dx ¢ dx
1. | x/x* =2x+2dx 2. | ——— 3| —
Jl. 514 X (1+X) _J.11+\/1—2x—x2

L rx ‘ 4+x @
4. ——dx 5. [(x-=2),[——dx 6.
!.. 1-x !)‘( ) 4-x ‘!.x\/1+x
2 .3 2 2
7 J-x +2x2 +4x+9dx 8. J.z—
5 X°+4 o X* —2X+2
1
9.I3dxg. : 33= ?; = +BZ(2X 1)+ ZC PS: 2+
$ 14X 1+x° (x+D(*=x+1) x+1 x*—x+1 x*—x+1 23
10. J'—XS'nXdX HD: | = J-xsmxcix:"-xsm_xczix' bit x = z- t thi duge 1 =
4—cos°X o 4—C0s°X ¢ 3+sin°X
J- d(cost)
4—cos’t
1
DS = nln9. J- |nx+cosx x.BS: £.
8 0 +S|n2x
3 T
NN 2 4
12. L= I9+—22)(dx Pat /2x=3tant =>L = \/_J'
5 X costsm t
b
23
4) D= j 38INX=2005X g, pygt x =T —t=>dx =t
¢ (sinx+cos x)° 2
2 2 2
Ta co D= J-3S|nx ZCosx J-3cost 2sint dt — J-3cosx Zsmxdx.Suyra:
, (sinx+cos x) < (sint+cost)® < (Sin x+cosx)°*
JD=D+D= ji- INX—2c0sX j-3cosx—25inxdx JE- 1 dx:E 1 dx:}tan(x—f)g
O(S|nx+cosx) s (sinx+cosx)® ¢ (Sinx+0osx)° 2 cosz(x—f) 2 4,
4

2. Déi bién sé dang 2:

b
Pé tinh tich phan j flux]u(x)dx ta thuc hién cic busc sau
Budc 1: it t=u(x) va dt = u'(x)dx
Buéc 2: doicanx=a => t=u(a) = a
x=h =t=ub)=p
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Bude 3: j' f [u(x)]u (x)dx =f f (t)dt

Vi du: Tinh céc tich phan sau:
1+tan® x

3

a/I_J-\/lJrIn xlnx b/J—J. i
1+tanx)
Giai
Inx
a/tinh I. Patt=1+ In?>x = dt=2—=dx
X
Pdicinx=1=t=1; x=e=1t=2
dt 1 3 3
Do d6 1= thdt = [ } =°(232-1
N I 533 =5(2¥2-1)

b/ tinh
Patt=1+ tanx = dt = (1 + tan’x)dx

X—n:>t—2 N 143

- - 1++/3 +

Pdicin  * Do doJ = d_ztz(_lj :2—_23

x=%:>t=l+\@ 2 tl,

o Mﬁt s0 bai tap ddi bién dang 2:
JM ) P S J R
, 1 /(X+7)z+1 1 (L+x)v2x+3 ’ 1 XV1+ X3 ’ o V1I+X
2

j 7 j (x2 —1)dx 8 T dx

(x +8 J.w/1+ 1+ x 1 XX +3x% +1 (X+DVX +2x+3

0 .3
HD: bit t=3/x+7, ta duogc A=3J.t3t—
bt

5 5,1
Ta co: ! 1 _ 12 _ 12 3
-8 t-2)(t2+2t+4) t-2 t2+2t+4
% 4 % 4 E 4
10) 1 J' cot X dx J' ZCOt X 5 dx=J' . ZCOt X >—aX biat t =cotx
0cost 5 COS“X —sin® X v —Sin” x(1-cot” x)
01-x+1 1 e tt° -t
11) |_j dx Datt:\/x+1:>K:6J.—2dt
Y1+ 3Yx+1 o 1+t
63
? dx . .
12) j Pit t=$2x+1
¢ Y2x+1++/2x+1
13) N= j‘- dx _]‘- COSX dx
Jcosxsin®x 4 (1-sin®x)sin x
s s
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Pat
¥ ¥ N V3
£l £ 1-t*+tt 2 1+t2 1 £1 1 1,1 1
t=sinx=>N = dt = dt = + dt= | (=+=+=(—+—))dt
Jl‘t“(l—tz) -!t“(l—tz) !( t* 1—t2) -!(t“ t? 2(1+t 1—t))
2 2 2 2
1 1
2X2 1 2 1—72 1—72
14) P—I ; dx=I dex= 1X dx Pitt=x +—
X +1 1X2+72 (X +7)2_2 X
X
3 sin®x §smx(l cos’x)dx
15) Q= [—————dx=]
5 SIn" x—3sin“ x+3 4 €os’x+Cos*x +1
L1 t2 1 1—% 1 1—% 1
- - t t -
bat t=cosx=>Q=I ———dt=— 1 dt =— 1 dt batu=t+-
1
2
16) S= [— > X
1 1-x* " 1-X
Détu=l+—xz>du= 2 > dx => 221+de= du_ 1 5 dx
1-x @-x) 1-x"1-x 2u T1-x
Hoac datu = In1+—x du= 2 5 dx
1-x 1-x

.Piatt=x+ 1, dan dén .Datu =+, duge

dt
17 __a
: !).\/(x+1)3 (3x+1) '!.\/f.t(St—Z)

V2

3
(__

Jl. 3u?-2
: : :

18) 1= = — % ] % pat-tan
ol+\/_cosx %1+\/§COS(X—%) %l+cosx+smx 2
l dx N o

19) 1= J. Nhan tu, mau cho lugng lién hop, dugc:

G131+ x8 '

1 1 _ 6
| = J‘de+jﬂdx =1+, Tinh I, véit=- X thi I, = 0
w2 e

e M@t sé phép doi blén dac biét
Vidul: 1/ Chung minh rang voi f(x) 1a ham s6 lién tyc trén [a;b] ta cd

J.f(x)dx jf(a+b x)dx
3
2/ Tinh I:J'In(1+cot X)dx

4

Vi du 2: 1/ cho f(x) la ham s6 lién tuc trén [0;1]. Ching minh ring
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. 3
j xf (sinx)dx=r j f(sinx)dx
0

2

2/ 3, Tinh I= j;dxs'”x b, Tinh 3= [
2 1+ cos’x o L+sinx

Vi du: 3/ Cho f(x) la ham s6 lién tuc trén [0;1]. Chirng minh rang

O ey | N
O o [ N

f(sinx)dx = | f(cosx)dx
2 3 :
. A . sm X N cos" X
2/ Tinh cac tich phan sau:l = I X va J= Iﬁdx
5 Sin” x+cos"x 5 Sin™ X +cos"x

(neN)
Vi du 4: 1/ Cho ham s6 f(x) lién tuc trén [0;2a]. Ching minh rang
2a a
j f (x)dx = j [f(X)+f(2a-X)]dx
0

0

3z
2/ Tinh I = Isinx.sian.sin3xdx

Vi du 5: 1/ Cho ham s6 f(x) lién tuc va f(a+b X) = f(x)

Chirmg minh rang J.Xf (x)dx = a%b f (x)dx

a

1
2/ Tinh 1= J.x(\/2+x ++/3-Xx)dx
0

s PHAN 4: TICH PHAN TUNG PHAN
. Cdng thirc: iudv =] —j'vdu *)

Il. C4c dang tich phin thuwong gip:
Dang 1: Ham duéi d4u tich phan c6 mot trong cac dang:

P(x).sin(ax+b), P(x).cos(ax+b), P(x).e®* trong d6 P(x) thuong la da thirc, c6 thé
1a phén thic hitu ty hodc vo ty cua x

Tung phan v6i u = P(x), dv 1a biéu thirc con lai
Dang 2: Ham duéi dau tich phan ¢6 dang P(x).Inf(x)

Ting phan véi u = Inf(x), dv 1a P(x)dx
Dang 3: Ham duéi dau tich phan c6 dang e™*
va sin[In(ax+b)] (3) hoac cos[In(ax+b)] (4)

Ting phan hai 1dn, xuét hién lai tich phan ban dau voi u = €™ hogc u = sin(cx+d)
(u = cos(cx+d)) cho (1) hoac (2) va u = sin[In(ax+b)] hodc u = cos[In(ax+b)] cho (3) hoac
(4)
Dang 4: Ham dudi d4u tich phan phu thudc vao sé ty nhién n.

Ting phan béng céch thiét lap cong thire truy h61
Dang 5: Ham dudi d4u tich phan 1a tong cua hai ham gém mot ham c6 nguyén ham da biét
hozc d& thay va ham kia thuong c6 dang gan véi cac dang 1, 2, 3.

sin(cx+d) (1) hoic €™ .cos(cx+d) (2)
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Nhén xét:
Noi chung:
- Vi dang 1, tuy theo bac cia P(x), c6 thé phai dung phuong phap tich phan
timg phan nh1eu 1an hodc dung phuong phap truy hoi.
- Vi dang 2, tly theo bac ciia ham logarit ma c6 thé phai tich phan timg phan

b
nhiéu lan va cudi cling, J.Vdu thuong 1a tich phén cua phan thic hitu ty.

Noi riéng: Mot sO tich phan can dit u mot cach linh hoat sao cho viéc tinh du va v dé thuc
hién, nhat 1a khi P(x) 1a m6t phan thitc (Xem minh hga ¢ phan III)
I11. Mot so bai tAp minh hoa cac dang trén:

1. |:j X€"_ix (Dang 1)
¢ (x+1)?

X 1 1
\ - e
Tung phanu = x.e, dv = dx thil = + |e*dx hay I = =-1.
P (x+1)° X+1| !). yiTs
J. InX > dx. (Dang 2)
d(x+
Tung phan u = Inx, dan dén viéc tlnhI J. = |dx. Kétqual=0
x(x+1) X x+1

e®*.sin4xdx . (Dang 3)

w
Ot [N

3z
Tung phanu = ¢*, dv = sindxdx, dugc: 1= Z(e 4 +1) +%\] _

3z

i 3
Véi J =J.esx.cos4xdx, ting phén lan hai tuong ty, duoc J= —%I .Suyral= 2i5(e 4 +1)
0

4.1= |sinInxdx (Dang 3)

(]
—

i
T 02

Ting phan u = sinlnx, dv = dx, dugc I = x.sinln x|;2 - I coslnxdx = e2 -]
\ A A . 1 z
Tung phan lan hai tuong tu, dugc J=-1+ 1. Suyral = E(e2 +1)
1
5.1= j(zxf‘—sx2 +4x)e *dx (Dang 4)
0

n+l

1
Xét I, = J.x” e7%dx. Khi d6 Ins; = | x™.e7*dx. Tung phin I voiu = x"", dv = e™dx, ta
0

O Sy

dugc cong thire truy hoi: Inv = 1 +(n+ Dl (¥).
e

Ap dung cong thirc (*) véin=0, 1, 2 ta lan lugt duoc: Il—l—g I2—2—E I3—6—E
e e e

Vayl=213-8l,+4l,=0.
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6.1= I 1Jrsﬂex.dx (Dang 5)
1+cosx
w2 X 712 X o
1= T8 e [ S gy,
5 L1+ cosx 5 1+C0osX
<\ A 7,: X _ 1 1 X
Tung phan [; véiu=c¢", dv = dx = d(=)
1+ cosx 2 X 2
cos’ =
2
x|["'? X " e* sinx
I, =e*tan=| - J' e*tan=dx = e™'?2 - I dx = e*’? - 1,. Suyral = e™'?
0 5 2 o 1+Cosx
IV. Bai tap ap dung:
7l2 nld
1) I= | x.cos’xdx I———— dx J———In\/§,
) J. ( 16 4) !). cos’x ( 4 )
7l3
K = jxs'”xd (K———In(2+\f) L= jxcosxd L="-1u-y3).
5 COS“X 56 Sin 2 2
1 nl4
J. ~dx (M=e/3+1) N = J. x.tan’ xdx
0(X+ 0
1
2) Ie cosxdx (- e+12 ), J.exsinznxdx (M)
0 l+x 0 2+8n°
nld 3
J. xsin~/xdx (=7 -12)
0 2
‘ 1 10 b T
:e)jx2 In(1+=)dx  (3In3-=In2+= ) Iln(x2+1)dx (=-2+In2),
1 X 3 0 2
2 7l2
IM (iln§—lln 2), J. cosx.In(1+cosx)dx (E—l),
(X2 +1) 25 5 ) 2
J-xln(x+x/x +1 (3(2\/5—1)"1(1-1-\/5)—1\/5—3)
> x+X+1 3 9 9
1 ) t1-sinx _ -1
4) || ———— |dx e—e/2), e “dx —),
)-!(Inzx InxJ ( ) £1+cosx (e”’z)
7l2 1+cosx
J‘In[wjdx (z/2-1)
0 1+sinx
X
1 u=In 1 1
2 _ du=(—+ )dx
5) j X X_dx. Pat =x_ X 2(1-x)
2 l_X2
2 Xsin x e du = dx
6) Iﬁdx bit v sinx => 1
+C0S X = |v=
0 (1+cosx)? 1+cos X

137



T6 Todn — Truwong THPT Phan Bji Chiu

%sin“x u=sin®x du = 3sin? xdx
7) R:j —dx bit sinx | = 1
2 cos® X dv=—"0dx V=
2 COoS” X 2C0S8° X
Lo u=x’e" du = xe*(X + 2)dx
8) V:J' 5 dx bat u= 1 = 1
0(X—i—2) dv = . Ve
(X+2) X+2
—Xz % % 1
9) G= j e (x~ j j dx
(1+ cos x) < (L+cosx)®
0 du = 5x*dx
=] = 1
x4 - =
-l 8(x* —1)?
NG 0 0 W4
=> =

8(x* 17| 4 8 I( )
o u, =X
Dé tinh U; = dX lai dat X3
(x*-1)
11) Cho I, = jxlnn xdx (x e N). Tim hé thirc lién he giita Insy Va I, Tinh Is.

e’ n+1 e’ +3
——1,, Iz=

| = =
(””22 8

)

56e® +1
81

12)I:J.xz(lnx+ln2x+|n3x+ln4x)dx ( )
1

zl4

13) Cho Iy = [ tan" xdx(ne N). Tim h¢ thic 1ién hé gita I Va lniz. Tinh s va le. Tir d6
0

suyraJ= _[ - X (o= ——-1In J= Itan xdx—ls—ln\/i——)
COSX+SINX n+1

2n+1
14) Cho I, = J‘gdx (neN). Chimg minh: 2n + 1)I, = v/2 - 2nly; véin >1

o VXe +1

”’4( COSX-Sinx j 1 i
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s pHAN 5: UNG DUNG TiCH PHAN

A. DIEN TiCH HINH PHANG
Phuong phap tong quat: Ngoai phuong phap xac dlnh cong thuc di¢n tich bang do thi, ta
déu co thé phan mién dién tich can tinh boi nhiéu mién con, sao cho trong mdi mién con
ung vadi [a;b] , phuong trinh : f(x)=g(X) v6 nghiém trén [a;b], sau do6 ta st dung cong thirc
dién tich trén mM3i mién con nhu sau -

S =1 £(0—-g 00 dx=| [If () - g()ldx].

Tong cac di¢n tich mién con ndy la dién tich can tinh. )
Ta co thé phan loai bai toan tim dién tich hinh phang theo s6 can da cho
81 Loai 1: Biét 2 cén tich phéan. Tinh dién tich hinh phang gi¢i han béi do thi: y=f(x)
;y=g(x)va x=a;x=b
1 . Cho ham s y:—>l(_2 ¢6 d6 thi (C).Tinh dién tich hinh phang gioi han boi do thi
—X
(C), truc hoanh va cac duong thang x = -3 vax = -2.

2 . Tinh dién tich hinh phang gi6i han bai db thi y=—=,y=0,x=¢,x=1

2&

3 . Tinhdién tich hinh phang gi6i han boi do thi y = ﬁ truc Ox; x=1; x=2
X(L+ X

4 . Tinhdién tich hinh phing gi6i han boi cac duong y=Inx,y =0, x =

Ix=e
€

5 . Tinh dién tich hinh phing gi6i han boi cac duong y = Inx, x -1 va x=e.
e

6 . Tinh dién tich hlnh phing giéi han boi db thi (P): y = x* — 2x + 2 va tiép tuyén
cua no tai M(3;5) ;y= xe*/ 2 y=0,x=0,x=1

2 —
7 . Tinh dién tich hinh phing gi6i han boi db thi y = XZ—X+6(C) , 0y, tiém can xién
X

+2
cua (C), x = 12.
8 . Tinhdién tich hinh phing gi6i han bai dd thi y =+/sin® x+cos*x ; truc Ox

X= y X=71

T
2
9 . (PHBK HN 2000) Tinh dién tich hinh phing gi6i han boi : y = sin®x.cos? ; y = 0
;X=0;x=n/2
10 . (PHKT 2000) Tinh dién tich hinh phang giéi han boi : y = f—xl ; truc hoanh ; va
X"+

hai duong thang x =1 ;x=-1

X

11 . Tinh dién tich hinh phang gidi han boi cac duong: y= xe , y=0, X—O va x=1.
12 . Tinh dién tich hinh phang gi¢i han boi d6 thi cac ham sé : y=x.e*;y=¢*;x=0
vax=e.
13 .(HVBCVT 2000) Tinh dién tich hinh phang gi¢i han bai :
y:‘l—ZSin23—‘ y=1+ 12—Xx Ox=2
2 T

14 (DHKT 94) Tinh di¢n tich hinh phang gi¢i han boi : y =[x’ —4x+3/;y =3-x
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15 .(PHTL 99) Tinh dién tich hinh phang giéi han bai : y = x? +§x—§; y =X

16 . (PH Hué 99) Tinh dién tich hinh phang gi¢i han boi: x=1;x=e;y=0;y=
Inx

2Jx
17 . (HVKTQS 2000) Tinh dién tich hinh phang giéi han boi :
yz —= syl L EE
sinx') cos’x 6 3

V1+1Inx

18 Tinh dién tich hinh phing gi6i han bgi cac duongy = ~———;y=0 x=1;x=e.
X

19 Tinh dién tich hinh phing gi¢i han béi y =X, y=x+cos?x, x=0Vva x=b

§ 2 Loai 2: Chuwa biét cn ndo.Tinh dién tich hinh phing giéi han béi db thi: y =f(x) ;
y = g(X) (2 dwong cong tw cit).
Ta giai phwong trinh f(x)=g(X) , roi xac dinh cong thirc dién tich

2

. Tinh dién tich hinh phing gi¢i han béi db thi ham s6 y == X—Xg‘zva truc hoanh.

. Tim dién tich hinh phang gi6i han boi do thi cia ham s6 y =|x* —4x+3| va duong thing y
=-X+3. i
(HVBCVT 97) Tinh dién tich hinh phing gi¢i han boi : y = -x* + 2 ; y = -3
. Tinh dién tich hinh phing gii han béi d6 thi cac ham s6 sau: y =x? va y =| X | .
. Tinh dién tich hinh phang gi¢i han boi db thi y = 2'”—} ; truc Ox;
X

. BH, CP khdi A — 2007: Tinh dién tich hinh phang gii han boi cac dudng:
y=(e+1)x, y:(1+ex)x.
. Tham khao khéi B — 2007: Tinh dién tich hinh phang gi6i han boi cac duong
x(1-x)

X2+l 7
. Tham khao khoi B — 2007: Tinh dién tich hinh phang gidi han boi cac duong
y=x’vay=+2-x*.

Tinh dién tich hinh phang gii han boi cac duong y? = 2x; y = —x2 + 4x

y=0va y=

10 Parabol y? = 2x chia hinh phing gi6i han béi dudng tron x? + y? = 8thanh hai phan. Tinh

dién tich mdi phan do.

11 Pé thi chung ciia B6 GDDT- khoi A_2002

Tinh dién tich hinh phang gii han béi cac dudng y = ‘XZ —4x +3‘, y=x+3bS:

L
6

12 . Pé thi chung ciia B¢ GDDT- khoi B_2002

2

, [ x? X
Tinh dién tich hinh phang gidi han béi cac duong y = ,/[4——va y =
phang g gy 4 y 4«/5
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13 Chiing minh ring khi m thay doii thi Parabol (P):y = x* +1lu6n cat duong thing
(d): y = mx + 2tai hai diém phan biét. Hay x4c dinh m sao cho phan dién tich gi6i han boi
duong thing va Parabol nho nhét.

14 Cho duong tron (C): x? + y? =8va Parabol (P): y? = 2x. Tinh dién tich hinh phang gii
han boi Parabol va duong tron.

15 Cho Parabol (P): y = x*va hai diém A, B chay trén Parabol sao cho AB = 2. Tim vi trf cia
A va B sao cho dién tich hinh phing gidi han boi Parabol (P) va dudng thing AB c6 gié tri
nho nhat. BS: A( -1; 1), B(1; 1).

§ 3 Loai 3: Biét 1 cén tich phan .Tinh dién tich hinh phing giéi han béi dd thi: y =f(x)
; y =g(x) va dwdng thing x = a . Mt cin di biét x= a, Ta tim cdn cOn lai bing cach
giai pthdgd: f(x) = g(x), roi xac dinh céng thirc dién tich

1 . Tinh dién tich hinh phang gi6i han bai do thi cac ham s6 y = €*,y = 2 va duong thang x =
1.

2 . Tinh dién tich hinh phang gi¢i han boi cac dudng y = Inx, x -1 va x=e.
e

: e : X?
3 . Tinh dién tich hinh phang gi¢i han boi cac duong y =X, y :g, y :§
X
4 HP e N 2 .y 9 e , \ X_l
4 . Tinh dién tich hinh phang gidi han boi cac duong: y=——;y=0;x=4
X

5 . (PHTCKT 2000) Tinh dién tich hinh phing gi¢i han boi: y=¢*;y=e*;x=1
X 8

6 . (PHCD 99) Tinh dién tich hinh phang gidi han boi : y =Xy =giy=

X
7 (DHSP HN 2000) Tinh dién tich hinh phang giéi han boi : y =|x* ~1];y =[x|+5
8 . y=x3-1vatiéptuybn y=x>-1taiM(-1;-2).

9 . Tinh dién tich hinh phang gi¢i han boi d6 thi cac ham sé y=xInx, yzg va duong thing
x=1

10. Tinh dién tich ciia hinh phang gii han béi cac dudng: (C) Y= \/;; d:y=2-x va
truc Ox.

11. Tinh dién tich hinh phing gi6i han bsi d thi Ox, Oy, (C): y = =X *11
X_

12. (HVBCVT 99) Tinh dién tich hinh phing gi¢i han boi : y=2*;y=3-x;x =0
13 Pé thi chung ciia B6 GDDT- khoi D 2002

Tinh dién tich hinh phang gi¢i han boi dudong cong y = va hai tryc toa do

§ 4 Loai 4: Dién tich béi 3 dwomg . Tinh dién tich hinh phing gi6i han béi do thi: y
=f(x) ; y =g(x);y =h(x)(Chwa biét cin).Ta giai cac phwong trinh
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f(})=09(x);9(x)=h(x);f(x)=h(x), dwa vao nghiém cac pt nay xic dinh cin tich phén trong
Cong thire dlen tich, xac dinh cac mién dién tich can tinh. Neu thuin lgi nén vé cu thé
do thi 3 ham s0, cin cir do thi dé tinh dién tich tirng phan roi cong lai.

1 . Tinh dién tich hinh phing gi¢i han béi dd thi cac ham s6: y=~/x,y=2-%,y=0
2. Tinhdién tich hinh phing gi6i han boi cic dudng sau: y = In X, y _L3+3i, y=0.

3 . Tinh dién tich hinh phang (H) gi6i han boi cac duong: y = x?-2x va hai tiép tuyén véi dd
thi cia ham s ndy tai gbc toa d6 O va A(4 ; 8)

4 . Tinhdién tich hinh phang gidi han boi cac dudng sau: y = x?;y =4x%;y = 4

5 . Tinhdién tich hinh phang giéi han boi cac dudng sau: y = X2 —2x+2;y = X’ +4x+5;y=1

6 . (HVQY 97) Tinh dién tich hinh phang giéi han boi: y=0;(C) : y=x"-2x"+4x -3 va
tiép tuyen vai (C) tai diém c6 hoanh do x =2

7 .Chohamsby= 3X—+]fl c6 d6 thi 1a (C).Tinh dién tich tam gic tao bdi cac truc toa do va
X+

tiép tuyén cua (C) tai M(=2; 5).
. Tinh dién tich hinh phang gi¢i han béi (C): y= —x*+3x=2, dy1y = X—1 V& dy:y=—x+2

o

9 . Tinh dién tich hinh phéng gii han boi cac dudng sau: DO thi (C): y = x* — x?, truc Oy va tiép
tuyén voi dd thi tai A(1 ; 0).

10 . Tinh dién tich hinh phing giéi han béi cac dudng sau: PO thi (C): y = x* — 1va tiép tuyén voi
(C) tai diém (-1 ; -2).

11.. Tinhdién tich hinh phéng gi¢i han boi cic dudng sau: (C): y = — X* + 2x + 3 va 2 tiép tuyén tai 2
diém A(0;3); B(3;0)

12. Tinhdién tich hinh phing gidi han boi cac duong sau: (C): y = x°— 2x + 2 va céc tiép tuyén xuét
phét tir diém A(3/2;- 1)

2
13 Tinh dién tich hinh phang gi¢i han bai cac duong y = x?,y = % y= 2_)(7

B. THE TICH VAT THE TRON XOAY

§ 1 THE TICH DO HINH PHANG QUAY QUANH OX

1 . Tinh thé tich hinh phang (H) gi¢i han boi cac duong: y=€"+1,y=0;x=0;x=In4
khi (H) quay quanh truc hoanh.

2 . Tinh thé tich khdi trdn xoay tao thanh khi cho hinh phing gi¢i han boi d6 thi ham s6 v
= - Inx va dudng thang x = e quay quanh truc Ox.

3 . Tinh thé tich vat thé tron xoay sinh bgi mién (D) gidi han bgi: y=xe*;x=1;y=0(0<
x < 1) quay quanh Ox i

4 . Tinh the tich cua khoi tron xoay tao thanh khi quay quanh truc tung hinh phang gi¢i han
boi cac duong y = Inx, tryc tung va hai duong thang y=0, y= 1.

5 (DHNN I97) Tinh thé tich vat thé tron xoay sinh bai mién (D) gidi han boi : (D) : y = tgx
x=0;x= 2% ;y=0
3
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6 .(DHXD 97) Tinh thé tich vat thé tron xoay sinh boi mién (D) gii han boi : y = xInx ; y =
0;
X =1 ;x=equayquanh Ox .
7 .(DPHXD 94) Tinh thé tich vat thé tron xoay sinh béi mién (D) giéi han boi : x* + (y — 2)? =
1 quay quanh Ox ﬂ
8 .(HVKTQS 99) Tinh thé tich vat thé tron xoay sinh b&i mién (D) gidi han boi: y= 0 ;

y = J1+cos* x+sin*x ;x= % ; X= 1 quay quanh OXx
9 . Tinh thé tich cuia khdi tron xoay dugc sinh bdi hinh phang gi¢i han bai hinh phing gioi
han béi cac duong : y =, [sin x(eCOSX +sin x) 1y=0;x=0;x :% khi n6 quay quanh truc Ox.

10. (BH, CP khdi B — 2007): Cho hinh phang H giéi han boi cac dudng y = xInx,
y=0,y=e. Tinh thé tich ctia khdi trdn xoay tao thanh khi quay hinh H quanh truc Ox.

11. Tinh thé tich khéi tron xoay tao thanh khi quay quanh truc tung hinh phing gi¢i han bai
cécduéqu=xzvéy:§—|x|. i

12 . Tinh thé tich cac vat thé tao nén khi quay quanh Ox hinh phang S véi S dugc gidi han
boi:

. _XZ yz
2) Slax’+(y-b)?=a’

1 T
3)C):y= —— ;trucOx;x=0;x=—
)()yCosx e x X4

4

4)(C):y= ~_4 jtruc Ox;x=0;x=2

5)y=0; y=1/cos? X+ Xsin? X ;x:O;x:%

~ 6) Hinhtron X’ +(y-2)°<1 7
7 Thé tich khoi tron xoay khi quay quanh truc hoanh hinh phang gidi han boi

. . T
X =+/cos® x+sin®x,y=0,x=0 va X=>

§ 2 THE TICH DO HINH PHANG QUAY QUANH OY
1. Tinh thé tich khdi tron xoay sinh ra khi quay hinh phang gigi han béi cac dudng sau
quanh tryc oy: y=\/§,y=2—x,y=0.

2. Tinh thé tich cua vat thé tron xoay sinh ra boi hinh phing (H) quay quanh truc Oy va
hinh phang (H) gioi han bai cac do thi:

a)y=x*,x=0,y=1,y=2.

b) y=x*-4x+3,y=-1,y=3.

3. Tinh thé tich cua vat thé tron xoay sinh ra boi hinh phing (H) quay quanh truc Oy va
hinh phang (H) gidi han bai cac do thi:

a)y=x%-4,y=-1,y=1;x=0.

b)y=Inx,y=0,y=1,x=0.

4. Cho hinh tron ¢ tam I(2 , 0) , ban kinh R = 1, quay quanh truc Oy. Tinh thé tich cua vat
thé tron xoay dugc tao nén.

5. Tinh thé tich cua vat thé tron xoay tao boi gidi han boi

cacduong: y =+/3x+1; y=1; y=0 Kkhind quay quanh truc Oy.
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